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Existence of maximally correlated states
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Sorbonne Universite´, CNRS, Laboratoire de Physique The´orique de la Matie`re Condense´e, LPTMC, F-75005, Paris, France
A measure of total correlations cannot increase under deterministic local operations. We show
that, for any number of systems, this condition alone does not guarantee the existence of maximally
correlated states. Namely, there is no state that simultaneously maximizes all the measures satisfying
it. If, in addition, the measures do not increase with probability unity under local measurements,
then such states exist for two systems. They are the maximally entangled states. For a larger
number of systems, it depends on their Hilbert space dimensions.
I. INTRODUCTION
In order to apprehend quantum entanglement, many
measures have been introduced [1]. Some of them have
clear operational meanings, such as distillable entangle-
ment or entanglement cost [2–4], others are readily com-
putable, such as negativity [5, 6]. They all have an es-
sential property that makes them proper entanglement
quantifiers, which is the monotonicity under local oper-
ations and classical communication [1, 3, 7, 8]. More
precisely, when a multipartite state is deterministically
changed into another using such means, the measure does
not have a higher value for the obtained state than for
the original one. A measure satisfying this requirement
is called entanglement monotone. Similar monotones
have been defined for other quantum resources, such as
nonuniformity, coherence, or asymmetry [9–16].
A multipartite state is said to be not more entangled
than another when the former can be deterministically
obtained from the latter by local operations and classical
communication, or, equivalently, when any entanglement
monotone is not larger for the former than for the latter.
This defines a partial order. Two states can be incompa-
rable, which means that, in going from one to the other,
some entanglement monotones increase whereas others
decrease. However, there are states that simultaneously
minimize all the entanglement monotones. They are the
separable states which are the mixtures of product states
[17]. Moreover, for bipartite systems, there are so-called
maximally entangled states which are not less entangled
than any other state on the same Hilbert space [4, 18, 19].
The entanglement ordering of multipartite states is
based on deterministic operations. Performing a local
measurement and selecting a specific outcome can re-
sult in a state more or less entangled than the initial
one, with or without classical communication. So, the
values of an entanglement monotone for the state be-
fore the measurement and for the states after it are not
necessarily related in a particular way. However, many
familiar entanglement monotones are nonincreasing on
average under local measurements [1, 8]. This means
that the average of the postmeasurement amounts of en-
tanglement, each weighted with the corresponding mea-
surement probability, is not larger than the premeasure-
ment amount of entanglement. Other quantum resource
monotones are nonincreasing on average under appropri-
ate measurements [10–16].
In this paper, we address the issue of ordering multi-
partite states according to total correlations. We are, in
particular, concerned with the possible existence of max-
imally correlated states, which is of interest for at least
two reasons. First, for pure bipartite states, the only
form of correlation is entanglement [20], and so maxi-
mally entangled states may be maximally correlated in
some sense in this case. Second, it has been shown that
the internal entanglement of a bipartite system is con-
strained by its total correlations with another system
[19]. The found upper bound always decreases as the
correlations increase, but, depending on the measure of
correlations used, the internal entanglement necessarily
vanishes for maximal correlations or not.
The correlations between systems that do not influ-
ence each other cannot increase. The time evolution of
independent systems is given by deterministic local op-
erations. Thus, a measure of total correlations cannot
increase under such operations [21, 22]. We name such
measures as correlation monotones. We introduce them
and show their basic properties in Sec.II. As we will see
in Sec.III, if no other requirement is imposed, there is no
maximally correlated state on any Hilbert space, in stark
contrast with the case of entanglement. In Sec.IV, it is
shown that there are maximally correlated states for bi-
partite systems when only correlation monotones which
are nonincreasing on average under local measurements
are considered. In fact, the same result follows from a
weaker condition, namely, that the measures do not in-
crease with probability unity under local measurements.
Correlation monotones that do not fulfill this last con-
dition are discussed in Sec.V. In Sec.VI, we consider the
case of more than two systems, for which the existence or
not of maximally correlated states depends on the Hilbert
space dimensions of the systems. Finally, in Sec.VII, we
summarize our results.
II. CORRELATION MONOTONES
For N systems with Hilbert spaces Hn, a local opera-
tion is characterized by Kraus operators of the form
K˜q = Kq ⊗ I>1 , I<N ⊗Kq, or I<n ⊗Kq ⊗ I>n , (1)
2where I<n = ⊗m<nIm and I>n = ⊗m>nIm with In the
identity operator on Hn. The local operators Kq map
Hn into an Hilbert space H′n possibly different from Hn.
They form a complete set of Kraus operators, namely,
they satisfy
∑
qK
†
qKq = In. If H′n is the same for every
q, a deterministic operation Λ can be defined. It changes
the state ρ of the N systems into Λ(ρ) =
∑
q K˜qρK˜
†
q . As
discussed in the introduction, we consider measures C,
termed correlation monotones, that obey the following
Condition.
Condition 1. The measure C is nonincreasing under de-
terministic local operations, i.e., C(Λ(ρ)) ≤ C(ρ) for any
state ρ and deterministic local operation Λ.
A measure of total correlations can, for example, be a
mimimal distance to the set of product states, C(ρ) =
inf{δn}n D(ρ,⊗nδn), where the infimum is taken over all
the density operators of the considered systems. Pro-
vided D satisfies D(Λ(ω),Λ(ω′)) ≤ D(ω, ω′) for any
quantum operation Λ, C is a correlation monotone.
Some possible choices for D are the relative entropy, the
Hellinger distance, or the Bures distance [19, 23–25]. The
above definition gives the total mutual information
I(ρ) =
N∑
n=1
S
(
ρ(n)
)− S(ρ), (2)
for the relative entropy [23]. In this expression, S is the
von Neumann entropy and ρ(n) = tr⊗m 6=nHm ρ is the state
of system n, where trH denotes the partial trace over the
Hilbert space H.
Any two product states can be transformed into one
another by local operations and so a correlation mono-
tone C assumes the same value for all the product states.
Moreover, C(ρ) cannot be smaller than this value since
any state ρ can be changed into a product state by local
operations. It is usually set to zero as there is no correla-
tion between systems in product states. The above men-
tioned measures of total correlations vanish for product
states. Another characteristic of correlation monotones is
that they do not depend explicitly on the Hilbert spaces
Hn, in particular on their dimensions. This follows from
the Proposition below.
Proposition 1. Consider any r × r Hermitian matrix M
with trace unity, r integer vectors is = (is,n)
N
n=1, and
correlation monotone C.
The value C(ρ) is the same for all the states ρ =∑r
s,t=1Ms,t|is〉〈it| whereMs,t denotes the elements ofM
and |is〉 = ⊗Nn=1|is,n〉n with |i〉n any orthonormal states
of any Hilbert space Hn.
Proof. Consider the states ρk =
∑r
s,t=1Ms,t|is〉kk〈it|
where k = 1 or 2 and |is〉k = ⊗Nn=1|is,n〉k,n with |i〉k,n any
orthonormal states of any Hilbert space Hk,n. Let us de-
fine the Hilbert spaces H˜n = H1,n ⊗H2,n. The states ρ1
and ρ˜1 = ρ1 ⊗ |i1〉22〈i1| can be changed into each other
by the local transformations ρ 7→ ρ ⊗ |i1,n〉2,n2,n〈i1,n|
and ρ 7→ trH2,n ρ, and so C(ρ˜1) = C(ρ1). The state ρ˜1 is
changed into ρ˜2 = |i1〉11〈i1|⊗ρ2 by applying the N opera-
tions with Kraus operators K(n) = ⊗m 6=nI˜m ⊗Un where
I˜n is the identity operator on H˜n and Un is a unitary
operator on H˜n such that Un|i〉1,n|j〉2,n = |j〉1,n|i〉2,n.
The state ρ˜2 is transformed back into ρ˜1 by applying the
N operations with Kraus operators (K(n))†, and hence
C(ρ˜2) = C(ρ˜1), which leads to C(ρ2) = C(ρ1) and fin-
ishes the proof.
For pure bipartite states, Proposition 1 yields the fol-
lowing. Any such state |ψ〉 can be written as |ψ〉 =∑r
i=1
√
λi|i〉1 ⊗ |i〉2, where r is its Schmidt rank, λi de-
notes its Schmidt coefficients, and |i〉n are orthonormal
states of Hn. The corresponding r× r matrix M is given
by Ms,t =
√
λsλt and the r vectors is by is = (s, s).
These vectors are the same for all the states with rank r.
Thus, C(|ψ〉〈ψ|) depends only on the Schmidt rank and
coefficients of |ψ〉.
III. STATE ORDERING BASED ON THE
CORRELATION MONOTONES
We say that ρ is not more correlated than ρ′, according
to Condition 1, if and only if C(ρ) ≤ C(ρ′) for any corre-
lation monotone C. We denote this relation by ρ ≺1 ρ′.
It is a preorder, i.e., ρ ≺1 ρ and if ρ ≺1 ρ′ and ρ′ ≺1 ρ′′
then ρ ≺1 ρ′′. States ρ and ρ′ such that ρ ≺1 ρ′ and
ρ′ ≺1 ρ, which means that C(ρ) = C(ρ′) for any cor-
relation monotone C, are said to be equally correlated
for ≺1. This is, for instance, the case of two pure bipar-
tite states with identical Schmidt coefficients. States ρ
and ρ′ such that C(ρ′)−C(ρ) is positive for some corre-
lation monotones C and negative for others are said to
be incomparable for ≺1. The ordering ≺1 can also be
characterized as follows.
Proposition 2. Let ρ and ρ′ be two states on any N -
partite Hilbert spaces. The three following statements
are equivalent.
i) some deterministic local operations change ρ′ into ρ ,
ii) ρ ≺1 ρ′ ,
iii) C(ρ) ≤ C(ρ′) for any correlation monotone C vanish-
ing only for product states.
Proof. We first show that (i) implies (ii). If ρ′ can
be changed into ρ by deterministic local operations,
there are N such operations Λ(n), each corresponding
to a system n, such that ρ = ◦Nm=1Λ(m)(ρ′). For
any C obeying Condition 1, C[Λ(N)(ρ′)] ≤ C(ρ′) and
C[◦Nm=n−1Λ(m)(ρ′)] ≤ C[◦Nm=nΛ(m)(ρ′)] for n = 2, . . . , N ,
and so C(ρ) ≤ C(ρ′).
The implication (ii)⇒(iii) follows directly from the def-
inition of the preorder ≺1.
We finally show that not (i) implies not (iii). Let ρ
and ρ′ be two states such that ρ′ cannot be changed into
ρ by deterministic local operations. Consequently, ρ is
not a product state. Assume first that ρ′ is a product
state, and define a function C as follows. For any state
3ρ˜, C(ρ˜) = 0 if ρ˜ is a product state and C(ρ˜) = c > 0 oth-
erwise. In particular, C(ρ′) = 0 and C(ρ) = c. Consider
any state ρ˜ and any deterministic local operation Λ. If
C(ρ˜) = c then C[Λ(ρ˜)] ≤ C(ρ˜) is trivially fulfilled. If
C(ρ˜) = 0, then ρ˜ is a product state, and so is Λ(ρ˜), and
hence C[Λ(ρ˜)] = 0. Consequently, there is a correlation
monotone C vanishing only for product states such that
C(ρ) > C(ρ′).
Assume now that ρ′ is not a product state. Since
any state can be transformed into any product state
by local operations, a function C can be defined as fol-
lows. For any state ρ˜, C(ρ˜) = 0 if ρ˜ is a product state,
C(ρ˜) = c′ > 0 if ρ′ can be changed into ρ˜ by local oper-
ations and ρ˜ is not a product state, and C(ρ˜) = c > c′
otherwise. In particular, C(ρ′) = c′, C(ρ) = c, and C
vanishes only for product states. Consider any state ρ˜
and any deterministic local operation Λ. If C(ρ˜) = c then
C[Λ(ρ˜)] ≤ C(ρ˜) is trivially fulfilled. If C(ρ˜) = c′, then
ρ′ can be changed into ρ˜ by local operations, and hence
also into Λ(ρ˜), which gives C[Λ(ρ˜)] ≤ c′. If C(ρ˜) = 0,
then ρ˜ is a product state, and so is Λ(ρ˜), and hence
C[Λ(ρ˜)] = 0.
For measures of total correlations, the class of correla-
tions monotones which vanish only for product states is of
interest. An example is the total mutual information (2).
The above Proposition shows that adding this restriction
does not change the ordering of the multipartite states.
As seen above, any product state is not more corre-
lated, according to Condition 1, than any other state.
One can wonder whether, similarly, there are states that
simultaneously maximize all the correlation monotones.
This may be meaningful only for a given Hilbert space
H = ⊗Nn=1Hn. For instance, for spaces Hn of identical
dimension d, the maximum value of the total mutual in-
formation (2) on H, N ln d, is strictly increasing with d.
The following general result can be shown.
Proposition 3. For any N Hilbert spaces Hn, there is no
maximally correlated state on H = ⊗Nn=1Hn for ≺1, i.e.,
no state ρ′ on H such that ρ ≺1 ρ′ for any ρ on H.
Proof. Assume there is ρ′ on H such that ρ ≺1 ρ′ for
any ρ on H. We first treat the case N > 2. Define the
measures C{x,y}, where {x, y} ⊂ {1, . . . , N}, as follows.
Consider any N -partite state ρ =
∑
s,tMs,t|is〉〈it| where
|is〉 = ⊗Nn=1|is,n〉n with |i〉n any orthonormal states of
any Hilbert space H′n, and the corresponding reduced
density operator for any two systems x and y,
ρ{x,y} =
∑
s,t
Ms,t
∏
n6=x,y
δis,n,it,n |is,x, is,y〉〈it,x, it,y|,
where |is,x, is,y〉 = |is,x〉x ⊗ |is,y〉y, and let C{x,y}(ρ) =
Ef (ρ{x,y}), where Ef is the entanglement of formation,
which is a correlation monotone. The above expression
for ρ{x,y} makes apparent that, due to Proposition 1,
C{x,y}(ρ) depends only on the matrix elements Ms,t and
the integer vectors is. For deterministic local operations
Λ acting on system x or system y, with local Kraus op-
erators Kq, C{x,y}[Λ(ρ)] = Ef [Λ˜(ρ{x,y})] where Λ˜ is the
operation with Kraus operators Kq ⊗ Iy or Ix ⊗Kq, re-
spectively. For all the other deterministic local opera-
tions, C{x,y}[Λ(ρ)] = Ef (ρ{x,y}). Consequently, C{x,y} is
a correlation monotone, and hence C{x,y}(ρ) ≤ C{x,y}(ρ′)
for any ρ on H.
For any ρ˜ on Hx ⊗ Hy, the above inequality with
ρ = ⊗n6=x,yIn ⊗ ρ˜/Πn6=x,ydn, where dn is the dimen-
sion of Hn, shows that Ef (ρ˜) ≤ Ef (ρ′{x,y}). In other
words, ρ′{x,y} maximizes Ef on Hx ⊗ Hy. Thus, assum-
ing, without loss of generality, that dx ≤ dy, it is given
by eq.(4) with orthonormal states |i〉x and |q, i〉y of Hx
and Hy, respectively [18], and so ρ′ =
∑
q,q′ |q˜〉〈q˜′| ⊗
Ωq,q′ , where Ωq,q′ are operators on ⊗n6=x,yHn such that
trΩq,q′ = pqδq,q′ . Consider now ρ
′
{x,z} where z 6= y.
From the above expression for ρ′, it follows that ρ′{x,z} =
d−1x Ix ⊗ tr⊗n 6=x,y,zHn
∑
q Ωq,q, and thus Ef (ρ
′
{x,z}) = 0,
which contradicts that Ef is maximum on Hx ⊗ Hz for
ρ′{x,z}.
In the particular case N = 2, since ρ′ maximizes the
correlation monotone Ef on H, it is given by eq.(4) as-
suming, without loss of generality, that d1 ≤ d2 [18]. The
operation with Kraus operators
√
pqI1⊗Uq where Uq is a
unitary operator onH2 such that |q, i〉2 = Uq|1, i〉2 trans-
forms |1˜〉〈1˜| into ρ′, and so ρ′ ≺1 |1˜〉〈1˜|. This implies that
|1˜〉〈1˜| is a pure maximally correlated state on H for ≺1,
which is not possible, due to Proposition 4.
To prove the non-existence of maximally correlated
states for ≺1 in the particular case N = 2, the Proposi-
tion below is used.
Proposition 4. Two pure bipartite states with the same
Schmidt rank have identical Schmidt coefficients or are
incomparable for ≺1.
Proof. Consider two pure bipartite states |ψ〉 and |ψ′〉
with the same Schmidt rank d such that |ψ〉〈ψ| ≺1
|ψ′〉〈ψ′|. Denote λi the Schmidt coefficients of |ψ〉.
Define |ϕ〉 = ∑di=1
√
λi|i〉 ⊗ |i〉 where {|i〉}i is an or-
thonormal basis of an Hilbert space H0 of dimension d,
|ϕ′〉 ∈ H0 ⊗ H0 whose Schmidt coefficients are those of
|ψ′〉, ρ = |ϕ〉〈ϕ|, and ρ′ = |ϕ′〉〈ϕ′|. From Proposition
1, it follows that ρ ≺1 ρ′. Thus, due to Proposition 2,
there are two deterministic local operation Λn, each cor-
responding to a system n, such that ρ = Λ1 ◦Λ2(ρ′). We
denote the eigenstates of Λ2(ρ
′) by |p˜〉. As Λ1 is linear
and ρ is pure, the above equality gives ρ = Λ1(|p˜〉〈p˜|) for
any p. Kraus operators of Λ1 are of the form Kq ⊗ I0
where I0 is the identity operator on H0 and the linear
maps Kq : H0 → H0 are such that
∑
qK
†
qKq = I0. The
state |1˜〉 can be written as |1˜〉 =∑di=1
√
µi|i′〉⊗|i′′〉 where
{|i′〉}i and {|i′′〉}i are orthonormal bases of H0 and some
coefficients µi may vanish. Since Λ1 changes |1˜〉〈1˜| into
4the pure state ρ, one has, for any q and i,
√
µiKq|i′〉 = √pq
d∑
j=1
√
λj〈i′′|j〉|j〉,
where pq = 〈1˜|K†qKq ⊗ I0|1˜〉. Since λj 6= 0 for any j and
{|j〉}j is a basis of H0, the above sum is nonzero for any
i. Moreover, at least one pq is nonvanishing. So, µi 6= 0
for any i, and hence Kq =
√
pqK where K : H0 → H0
is independent of q. It is necessarily a unitary operator,
and so Λ1 is a unitary operation, and Λ2(ρ
′) a pure state
with Schmidt coefficients λi. By following the same steps
as above, with Λ2(ρ
′), Λ2, and |ϕ′〉 in lieu of, respectively,
ρ, Λ1, and |1˜〉, one can shown that Λ2 is also a unitary
operation and the Schmidt coefficients of |ψ′〉 are λi.
As an example, consider the pure states |ψǫ〉 with
Schmidt rank 2 and coefficients ǫ and 1−ǫ. For any η > 0,
which can be chosen as small as wished, there is a corre-
lation monotone C such that C(|ψη〉〈ψη|) > C(|ψǫ〉〈ψǫ|)
for any ǫ 6= η.
IV. CORRELATION ORDERINGS WITH
MAXIMALLY CORRELATED STATES
We now examine specific classes of correlation mono-
tones C for which C(|ψǫ〉〈ψǫ|) is a nondecreasing function
of ǫ on [0, 1/2]. They are defined by the Conditions be-
low. A local measurement is characterized by a complete
set of Kraus operators K˜q,s of the form of eq.(1). When
the measurement is performed on systems in the state ρ,
the probability pq of outcome q and the corresponding
postmeasurement state ρq are given by
pq =
tq∑
s=1
tr(ρK˜†q,sK˜q,s), ρq =
tq∑
s=1
K˜q,sρK˜
†
q,s/pq. (3)
The number tq of terms in the above sums can depend on
q. If tq = 1, the measurement is said to be efficient [26].
Note that here the codomains of the local operators Kq,s
and Kq′,s′ can be different from one another provided
q′ 6= q. A very commun requirement for measures of
entanglement or of any quantum resource [1, 8, 10–16]
reads here as follows.
Condition 2. The measure C is nonincreasing on aver-
age under local measurements, i.e.,
∑
q pqC(ρq) ≤ C(ρ)
for any state ρ and complete set of Kraus operators (1),
where pq and ρq are given by eq.(3).
We also consider the following weaker requirement.
Condition 3. The measure C does not increase
with probability unity under local measurements, i.e.,
minq C(ρq) ≤ C(ρ) for any state ρ and complete set of
Kraus operators (1), where ρq is given by eq.(3).
Clearly, if C satisfies Condition 2 then it also satisfies
Condition 3. For correlation monotones, it is enough to
impose Condition 2 or Condition 3 for efficient projective
measurements, as shown by the Proposition below.
Proposition 5. A correlation monotone C fulfills Condi-
tion 2 (Condition 3) if and only if C fulfills it for efficient
local measurements whose Kraus operators (1) are pro-
jectors.
Proof. Let ρ be any state on any multipartite Hilbert
space ⊗nHn. It is enough to consider a measurement
characterized by a complete set of Kraus operators of
the form K˜q,s = Kq,s ⊗ I>1 where Kq,s : H1 → H(q)1 ,
q = 1, . . . , d, and s = 1, . . . , tq. Let H′1 be an Hilbert
space of dimension larger than those of the spaces H(q)1 ,
and defineK ′q,s : H1 → H′1 by 〈j′|K ′q,s|i〉 = q〈j|Kq,s|i〉 for
j not larger than the dimension of H(q)1 and 〈j′|K ′q,s|i〉 =
0 otherwise, where {|i〉}i, {|i′〉}i, and {|i〉q}i are or-
thonormal bases of H1, H′1, and H(q)1 , respectively, and
let K˜ ′q,s = K
′
q,s ⊗ I>1 . The operators K ′q,s satisfy∑
q,s(K
′
q,s)
†K ′q,s = I1. Let H′′1 be an Hilbert space of
dimension d and {|q〉}q be an orthonormal basis of this
space. The deterministic local operation Λ with Kraus
operators |q〉 ⊗ K˜ ′q,s changes ρ into Λ(ρ) =
∑
q Aq where
Aq = |q〉〈q| ⊗
∑
s K˜
′
q,sρ(K˜
′
q,s)
†. Performing the effi-
cient projective local measurement with Kraus operators
(|q〉〈q| ⊗ I ′1) ⊗ I>1 where I ′1 is the identity operator on
H′1 on Λ(ρ) gives Aq/pq with probability pq = tr(Aq) =∑
s tr(K˜
†
q,sK˜q,sρ). From Proposition 1, it follows that
C(Aq/pq) = C(ρq) where ρq =
∑
s K˜q,sρK˜
†
q,s/pq. Fi-
nally, C[Λ(ρ)] ≤ C(ρ) leads to the results. The converses
are trivial.
Using this Proposition, it can be shown that the total
mutual information (2) satisfies Condition 2.
Proof. The total mutual information can be written as
I(ρ) = minδ S(ρ||δ) where S(ρ||δ) is the quantum rela-
tive entropy and the mininum is taken over all the prod-
uct states on the same Hilbert space than ρ [23]. For any
states ρ and δ on any Hilbert space H and Kraus opera-
tors K˜q,1 such that
∑
q K˜
†
q,1K˜q,1 is the identity operator
on H, it can be shown that S(ρ||δ) ≥ ∑q pqS(ρq||δq)
where pq and ρq are given by eq.(3) with tq = 1, and
δq is given by a similar expression with δ in place of ρ
[10]. If H = ⊗Nn=1Hn, δ is a product state on H, and
the operators K˜q,1 are of the form of eq.(1), then the
density operators δq are also product states. Thus, the
above expression for the total mutual information gives
S(ρ||δ) ≥∑q pqI(ρq), which leads to the result.
It is usual to derive the analogue of Condition 1 for
measures of entanglement or of other quantum resources
assuming they are convex and obey the analogue of Con-
dition 2 [8, 10]. These assumptions lead here to very
particular correlation monotones, as shown by the Propo-
sition below.
Proposition 6. For any N , if a function of the N -partite
states is convex and nonincreasing on average under local
measurements, then it is an entanglement monotone.
5Proof. Consider a function C of the N -partite states con-
vex and nonincreasing on average under local measure-
ments. Let us first show that C is a correlationmonotone.
Let ρ be any N -partite state and Λ any deterministic lo-
cal operation with Kraus operators K˜q,1. The convexity
of C yields C[Λ(ρ)] ≤ ∑q pqC(ρq) where pq and ρq are
given by eq.(3) with tq = 1. So, since C satisfies Con-
dition 2, it also satisfies Condition 1. An entanglement
monotone is nonincreasing under state transformations
involving only local operations and classical communica-
tion. Such a transformation is a sequence of maps involv-
ing only local operations and one-way classical communi-
cation. Thus, it is enough to show that C[Λ′(ρ)] ≤ C(ρ)
for any map Λ′ given by Λ′(ρ) =
∑
q Λ
(q)(K˜q,1ρK˜
†
q,1)
with a complete set of Kraus operators K˜q,1 = Kq ⊗ I>1
and deterministic local operations Λ(q) whose Kraus op-
erators are of the form I1⊗K(q)q′ ⊗ I>2 . Since C is convex
and obeys Condition 1, and Λ(q) is linear, C[Λ′(ρ)] ≤∑
q pqC(ρq) where pq and ρq are given by eq.(3) with
tq = 1. The wished inequality follows immediately from
Condition 2.
We remark that, as a consequence of this Proposition,
for any measure C fulfilling Condition 2, there is an en-
tanglement monotone that does not exceed C, which is
the convex hull of C [27]. Condition 3, together with
Condition 1, leads to the following result.
Proposition 7. If C is a correlation monotone obeying
Condition 3, then, for any pure bipartite state |ψ〉 with
Schmidt rank r and coefficients λi, C(|ψ〉〈ψ|) = s[(λi)ri=1]
where s is an entropy, i.e., s(λ) ≤ s(µ) when the vector
λ majorizes the vector µ [28].
Proof. Due to Proposition 1, for any pure bipartite state
ρ = |ψ〉〈ψ|, C(ρ) = s(λ) where λ = (λi)ri=1 with the
Schmidt rank r and coefficients λi of |ψ〉. Consider any
vector λ′ majorized by λ [28]. Any pure state ρ′ with
Schmidt coefficients λ′i can be changed into ρ by lo-
cal operations and one-way classical communication, i.e.,
ρ =
∑
q Λ
(q)(K˜q,1ρ
′K˜†q,1) with a complete set of Kraus
operators K˜q,1 = Kq ⊗ I2 and deterministic local opera-
tions Λ(q) whose Kraus operators are of the form I1⊗K(q)q′
[29]. Since ρ is pure and Λ(q) linear, ρ = Λ(q)(ρ′q) for any
q, where ρ′q is given by eq.(3) with tq = 1 and ρ
′ in place
of ρ. Thus, C(ρ) ≤ C(ρ′q) for any q, and so C(ρ) ≤ C(ρ′),
which can be rewritten as s(λ) ≤ s(λ′).
As is well known, a pure bipartite state |ψ〉 is not more
entangled than another one |ψ′〉 if and only if the vector
made up of the Schmidt coefficients of |ψ〉 majorizes that
corresponding to |ψ′〉 [29]. Consequently, due to Propo-
sition 7, a correlation monotone fulfilling Condition 3
necessarily coincides with an entanglement monotone for
pure bipartite states.
Similarly to the ordering ≺1, we define the preorders
≺2 with correlation monotones fulfilling Condition 2 and
≺3 with correlation monotones fulfilling Condition 3.
These three orderings are related by ρ ≺1 ρ′ ⇒ ρ ≺3
ρ′ ⇒ ρ ≺2 ρ′. Contrary to ≺1, for ≺2 and ≺3, there are
maximally correlated states on bipartite Hilbert spaces.
This results from the following Proposition.
Proposition 8. Let ρ be a state on any bipartite Hilbert
space H. The three following statements are equivalent.
i) ρ is maximally entangled on H ,
ii) ρ is maximally correlated on H for ≺3 ,
iii) ρ is maximally correlated on H for ≺2.
Proof. Assume, without loss of generality, that the di-
mension d1 of H1 is not larger than the dimension d2 of
H2.
We first show that (i) implies (ii). Let ρ′ be a pure
maximally entangled state on H = H1 ⊗ H2, i.e., with
Schmidt coefficients 1/d1. Consider any state ρ on H
and denote its eigenvalues by µp and the corresponding
eigenstates by |p〉. Let us introduce the Hilbert spacesH′2
and H˜2 = H2⊗H′2. Provided the dimension of H′2 is not
smaller than d1d2, ρ can be expressed as ρ = trH′2 |ψ〉〈ψ|
where |ψ〉 =∑d1d2p=1
√
µp|p〉⊗|p′〉 with orthonormal states
|p′〉 of H′2. The state |ψ〉 can also be written as |ψ〉 =∑r
i=1
√
λi|i〉1 ⊗ |i〉2 where |i〉1 and |i〉2 are orthonormal
states of H1 and H˜2, respectively, and r ≤ d1. The vec-
tor (λi)
r
i=1 majorizes (1/d1, . . . , 1/d1) [28]. Thus, ρ
′ can
be changed into the pure state ρ˜ = |ψ〉〈ψ| by local op-
erations and one-way classical communication [29]. Con-
sequently, for any measure C fulfilling Conditions 1 and
3, C(ρ˜) ≤ C(ρ′), see the proof of Proposition 7, which
means ρ˜ ≺3 ρ′. From the relation between the orderings
≺1 and ≺3 and the fact that trH′2 is a local operation
on H˜2, it follows that ρ ≺3 ρ˜, and so ρ ≺3 ρ′. If there
are mixed maximally entangled states on H, they can
be transformed into pure maximally entangled states on
H by local operations, as shown below, and are hence
maximally correlated on H for ≺3.
The implication (ii)⇒(iii) directly follows from the fact
that any two states ρ and ρ′ such that ρ ≺3 ρ′ necessarily
satisfy ρ ≺2 ρ′.
Consider a maximally correlated state ρ′ on H for ≺2
and a maximally entangled state ρ on H. For any corre-
lation monotone C obeying Condition 2, C(ρ) ≤ C(ρ′).
The entanglement of formation Ef is such a measure, and
so Ef (ρ
′) = Ef (ρ). Consequently, ρ
′ is given by eq.(4)
[18], and is thus maximally entangled on H, as shown
below.
A state ρ′ is maximally entangled on H if and only if
E(ρ) ≤ E(ρ′) for any entanglement monotone E and
state ρ on H. Such states exist for bipartite Hilbert
spaces. When the dimension d1 of H1 is not larger than
the dimension d2 of H2, which can always be assumed
without loss of generality, they are necessarily of the form
ρ =
Q∑
q=1
pq|q˜〉〈q˜| with |q˜〉 =
d1∑
i=1
|i〉1 ⊗ |q, i〉2/
√
d1, (4)
6where |i〉1 and |q, i〉2 are orthonormal states of H1 and
H2, respectively, and the probabilities pq sum to unity.
This follows from the fact that the only states that max-
imise the entanglement of formation on H are given by
eq.(4) [18]. If d2 ≥ 2d1, ρ can be mixed. Reciprocally,
any state (4) is maximally entangled on H as it can be
transformed into the pure maximally entangled state |1˜〉
by the deterministic local operation with Kraus operators
I1⊗
∑d1
i=1 |1, i〉22〈q, i| where q = 1, . . . , Q and, if d2/d1 6=
Q, I1 ⊗ (I2 −
∑Q
q=1Πq) where Πq =
∑d1
i=1 |q, i〉22〈q, i|.
Note that this operation changes a state given by eq.(4)
with any Schmidt coefficients λi, in place of 1/d1, into a
pure state. As a result of Proposition 8, the maximally
correlated states on H for ≺2 and ≺3 are also the density
operators (4).
V. CORRELATION MONOTONES MAXIMUM
FOR PARTIALLY ENTANGLED STATES
If a bipartite correlation monotone C is not maxi-
mum, on some Hilbert space, for the maximally entan-
gled states, then, due to Proposition 8, it does not satisfy
Condition 3. This means that, for at least one state ρ,
there is a local measurement such that C(ρq) > C(ρ) for
every outcome q, where ρq denotes the postmeasurement
states given by eq.(3). This is actually the case for all
the maximally entangled states which do not maximise
C, as we show now. Such a state ρ on H is given by
eq.(4). Assume there are states onH for which C is larger
than C(ρ). Any state is not more correlated, according
to Condition 1, than a pure state on the same Hilbert
space, see the proof of Proposition 8. So, there are pure
states |ψ〉 of H with Schmidt coefficients λi 6= 1/d1 such
that C(|ψ〉〈ψ|) = c > C(ρ). The local measurement
with Kraus operators K˜q =
∑d1
i=1
√
λi|i〉11〈(i + q − 1)
mod d1 + 1| ⊗ I2 where q = 1, . . . , d1, performed on ρ,
gives C(ρq) = c for every outcome q.
Interesting examples of bipartite correlation mono-
tones that do not obey Condition 3 can be defined from
Bell inequalities. The relation between Bell nonlocality
and entanglement is not straightforward [17, 30, 31]. A
Bell inequality reads
∑
s,t,x,y β
s,t
x,yp(s, t|x, y) ≤ b where
βs,tx,y are real coefficients and p(s, t|x, y) is the probabil-
ity of the outcomes s and t of the local measurements x
and y, respectively. When the set of probabilities is Bell
local, the left side can approach but not exceed b. The
largest value of this left side, for a given state ρ, is
B(ρ) = sup
(F
(n)
s|x
)n,s,x
∑
s,t,x,y
βs,tx,y tr
(
ρF
(1)
s|x ⊗ F
(2)
t|y
)
,
where the supremum is taken over the positive operators
F
(n)
s|x such that
∑
s F
(n)
s|x = In. The measure B satisfies
Condition 1 since, for any complete set of Kraus oper-
ators Kq : Hn → H′n and positive operators F ′s on H′n
summing to the corresponding identity operator, the op-
erators Fs =
∑
qK
†
qF
′
sKq are positive and sum to In. If
B(ρ) > b, the Bell inequality can be violated by ρ. For
some Bell inequalities, B is maximum for partially en-
tangled states [30] and so does not fulfill Condition 3. It
follows from the above discussion that a maximal viola-
tion of the Bell inequality can nevertheless be achieved
with a maximally entangled state ρ by first performing
a local measurement on it, and for every outcome of the
measurement. Note that this does not even suppose that
B(ρ) > b. In the context of Bell nonlocality, performing
a local measurement and selecting an outcome is termed
filtering.
VI. INFLUENCE OF THE HILBERT SPACE
DIMENSIONS
For more than two systems, the existence or not of
maximally correlated states for ≺2 or ≺3 depends on the
dimensions of the Hilbert spaces Hn. The two following
Propositions can be proved.
Proposition 9. Consider any N Hilbert spaces Hn of re-
spective dimensions dn and denote by F the set of the
nonempty subsets E of {1, . . . , N} such that Πn∈Edn ≤√
d where d = ΠNn=1dn.
If ρ is a maximally correlated state on ⊗Nn=1Hn for ≺2
or ≺3, then, for any E ∈ F , tr⊗n/∈EHn ρ is the maximally
mixed state on ⊗n∈EHn.
If, moreover, maxE∈F Πn∈Edn >
√
d/2, then ρ is pure.
Proof. Consider any N Hilbert spaces Hn and any
nonempty set E ⊂ {1, . . . , N}, and define the measure
CE as the entanglement of formation Ef for the biparti-
tion H = H∈ ⊗ H/∈ where H = ⊗nHn, H∈ = ⊗n∈EHn
and H/∈ = ⊗n/∈EHn. It is a correlation monotone fulfill-
ing Condition 2, since Ef is, and operators (1) can be
rewritten as K˜q = I
∈ ⊗Kq or K˜q = Kq ⊗ I /∈ where Kq
acts on H/∈ or H∈, respectively, and I∈ and I /∈ are the
identity operators on H∈ and H/∈, respectively. Assume
there is a maximally correlated state ρ on H for ≺2 or
≺3. It maximizes all the monotones CE on H. If E ∈ F ,
the dimension d∈ of H∈ is not larger than the dimension
d/∈ = d/d∈ of H/∈. Thus, ρ is given by eq.(4) with d1
replaced by d∈, the states |i〉1 by orthonormal states of
H∈, and the states |q, i〉2 by orthonormal states of H/∈
[18]. Consequently, trH/∈ ρ is the maximally mixed state
on H∈. Moreover, ρ is necessarily pure if d/∈ < 2d∈.
For identical dimensions dn, the pure states with the
property stated in the above Proposition are known as
absolutely maximally entangled states [32–35]. Further-
more, in this case, the above condition on the dimensions
is always satisfied for even N and never for odd N . For
dn = 2, absolutely maximally entangled states do not
exist when N = 4 [32] and N ≥ 7 [33, 35]. So, due to
Proposition 9, for N two-level systems, there is no maxi-
mally correlated state neither for ≺2 nor for ≺3 when N
is even and different from 6. Using the results of Ref.[36],
7such states can be shown to exist on the Hilbert spaces
considered in the Proposition below.
Proposition 10. Let Hn be any N Hilbert spaces of re-
spective dimensions dn. If dN ≥ d where d = ΠN−1n=1 dn,
then there are maximally correlated states on H =
⊗Nn=1Hn for ≺2 and ≺3, which are also maximally en-
tangled on H and are of the form
d1,...,dN−1∑
i1,...,iN−1=1
⊗N−1n=1 |in〉n ⊗ |i1, . . . , iN−1〉N/
√
d,
where |i〉n and |i, j, . . .〉N are orthonormal states of Hn
with n < N and HN , respectively.
Proof. Consider any state ρ on H = ⊗Nn=1Hn. Let us
introduce the Hilbert spaces H′N and H˜N = HN ⊗ H′N .
Provided the dimension of H′N is not smaller than that
of H, ρ can be expressed as ρ = trH′N |ψ〉〈ψ|, where |ψ〉 ∈
⊗N−1n=1 Hn⊗H˜N , see the proof of Proposition 8. The state
|ψ〉 can always be written as
|ψ〉 =
d1,...,dN−1∑
i1,...,iN−1=1
λi1,...,iN−1⊗N−1n=1 |in〉n⊗|i1, . . . , iN−1〉N ,
where |i〉n are orthonormal states of Hn, and |i, j, . . .〉N
are normalized states of H˜N . We denote by H˜′N a sub-
space of H˜N of dimension d = ΠN−1n=1 dn that contains the
states |i, j, . . .〉N . From the relation between the order-
ings≺1 and≺3 and the fact that trH′N is a local operation
on H˜N , it follows that ρ ≺3 ρ˜ where ρ˜ = |ψ〉〈ψ|.
Consider ρ′ = |ψ′〉〈ψ′| and ρ˜′ = |ψ˜′〉〈ψ˜′| where |ψ′〉 and
|ψ˜′〉 are given by the above expression with λi1,...,iN−1 =
1/
√
d and orthonormal states |i, j, . . .〉N of HN and H˜′N ,
respectively. The states ρ′ and ρ˜′ are equally correlated
for ≺1, and so also for ≺3, see Proposition 1. There is a
set of Kraus operatorsMq = ⊗N−1n=1 U (n)q ⊗Kq where U (n)q
denotes a unitary operator on Hn and the linear maps
Kq : H˜′N → H˜′N are such that
∑
qK
†
qKq = I˜N with I˜N
the identity operator on H˜′N for which |ψ〉 =
√
dMq|ψ˜′〉
for any q [36]. This equality can be rewritten as ρ˜ =
Uq⊗ I˜N ρ˜′qU †q ⊗ I˜N where Uq = ⊗N−1n=1 U (n)q and ρ˜′q is given
by eq.(3) with tq = 1, K˜q,1 = I
<
N⊗Kq, and ρ˜′ in place of ρ.
Thus, for any correlation monotone fulfilling Condition
3, C(ρ˜) = C(ρ˜′q) for any q, and so C(ρ˜) ≤ C(ρ˜′). This
means ρ˜ ≺3 ρ˜′, and hence ρ ≺3 ρ′ and, due to the relation
between the orderings ≺3 and ≺2, ρ ≺2 ρ′.
VII. CONCLUSION
In summary, we have shown that there is no maxi-
mally correlated states when the measures of total cor-
relations are only required to be correlation monotones.
In contrast, there exist such states if, in addition, they
do not increase with probability unity under local mea-
surements. In this case, there are always maximally cor-
related states for two systems, which are the correspond-
ing maximally entangled states. For a larger number of
systems, two opposite examples have been considered.
We have furthermore seen that a correlation monotone
fulfilling the above mentioned condition necessarily coin-
cides with an entanglement monotone for pure bipartite
states. Bell inequalities maximally violated by partially
entangled states have also been discussed. Correlation
monotones that can increase with probability unity un-
der local measurements have been defined from them. It
would be of interest to determine whether the existence
of maximally correlated states can follow from a condi-
tion weaker than that considered here.
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